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Based on the Stratonovich-Weyl correspondence a method of constructing the unitary non-
equivalent Wigner quasiprobability distributions for a generic N-level quantum system is proposed.
The mapping between the operators on the Hilbert space and the functions on the phase space
is implemented by the Stratonovich-Weyl operator kernel. The algebraic “master equation” for
the Stratonovich-Weyl kernel is derived and the ambiguity in its solution is analyzed. The general
method is exemplified by considering the Wigner functions of a single qubit and a single qutrit.
I. INTRODUCTION
A modern boom in quantum engineering and quantum
computing gave new life to the studies of an interplay be-
tween classical and quantum physics. Particularly, a new
insight has been gained into the long-standing problem
of finding “quantum analogues” for the statistical distri-
butions of classical systems. The Wigner procedure [1] to
associate the so-called “quasiprobability distribution” on
a phase space with a density operator acting on a Hilbert
space was essentially the definition of the inverse of the
Weyl quantization rule [2]. The discovery of this map-
ping provided the formulation of one of the most interest-
ing representations of the quantum theory as a statistical
theory on a phase space, which is usually connected to the
names of Groenewold [3] and Moyal [4]. After almost a
century of elaboration of the initial ideas, diverse aspects
of the interrelations between the phase space functions
and the operators on the Hilbert space have been estab-
lished (e.g., [5]-[15]). Nowadays, as it was mentioned in
the beginning of the article, special attention is drawn
due to quantum engineering needs, to the considerations
of the phase space formulation of the quantum theory, in-
cluding the studies of the Wigner quasiprobability distri-
butions for finite-dimensional quantum systems (cf. [11]
and references therein).
In the present note we continue these studies and dis-
cuss the issue of the non uniqueness of the mapping
between quantum and classical descriptions. Based on
the postulates, known as the Stratonovich-Weyl corre-
spondence [12], a method of determining the Wigner
quasiprobability distributions (shortly, the Wigner func-
tions (WF)) for a generic N -level quantum system is sug-
gested. The Wigner function is constructed from two ob-
jects: the density matrix ̺, describing a quantum state,
and the so-called Stratonovich-Weyl (SW) kernel ∆(ΩN ),
defined over the symplectic manifold ΩN . As it will be
shown below, starting from the first principles, the ker-
nel ∆(ΩN ) is subject to a set of algebraic equations. Ac-
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cording to those equations, the SW kernel for a given
quantum state ̺ depends on a set of N − 2 real parame-
ters ν = (ν1, ν2, . . . , νN−2) . Moreover, these SW kernels
∆(ΩN |ν) are unitary non-equivalent for different val-
ues of ν. Precise definition and meaning of the parame-
ters ν , which labels members of the SW family, will be
given in the following sections. Here we only emphasize
that the structure of the family, as well as the functional
dependence of the Wigner functions on the coordinates
of the symplectic manifold ΩN , is encoded in the type
of degeneracy of the Stratonovich-Weyl operator kernel
∆(ΩN |ν) . For example, if πi is an eigenvalue of the Her-
mitian N × N kernel ∆(ΩN ) with the algebraic multi-
plicity k(πi), then its isotropy group H is
H = U(k(π1))× U(k(π2))× U(k(πr+1))
and the family of WF can be defined over the complex
flag manifold
ΩN = F
N
d1,d2,...,dr = U(N)/H , (1)
where (d1, d2, . . . , dr) is a sequence of positive integers
with sumN , such that k(π1) = d1 and k(πi+1) = di+1−di
with dr+1 = N . In this case, the family of the Wigner
functions of an N -dimensional system consists of the fol-
lowing functions
W (ν)̺ (ϑ1, ϑ2, . . . , ϑdF) = tr
[
̺XP (N)(ν)X†
]
, (2)
where the density matrix ̺ represents a given quantum
state, while its classical counterpart is characterized by
an N × N matrix X from the dF-dimensional coset (1)
with coordinates ϑ1, ϑ2, . . . , ϑdF . The symbol P
(N)(ν)
in Eq. (2) denotes a real diagonal N ×N matrix, whose
entries are eigenvalues of the Hermitian kernel ∆(ΩN |ν).
Our article is organized as follows. In Sec. II, based on
the Stratonovich-Weyl correspondence, a “master equa-
tion” for the SW kernel matrix ∆(ΩN |ν) will be derived
and an ambiguity in the solution to this equation will be
analyzed. Section III is devoted to the exemplification of
the suggested scheme of construction of the WF by con-
sidering two examples. We present a detailed description
of the Wigner functions of 2 and 3-dimensional systems,
i.e., qubits and qutrits respectively.
2II. THE WIGNER FUNCTION VIA THE
STRATONOVICH-WEYL CORRESPONDENCE
A. The Stratonovich-Weyl postulates
Let’s consider an N-dimensional quantum system in a
mixed state that is defined by the density matrix opera-
tor ̺ acting on the Hilbert space CN . According to the
basic principles of quantum mechanics there is a map-
ping between the operators on the Hilbert space of a
finite-dimensional quantum system and the functions on
the phase space of its classical mechanical counterpart.
Starting from the density matrix ̺, the map determines
the Wigner quasiprobability distribution W̺(ΩN ) over a
phase space ΩN and can be implemented with the aid of
the StratonovichWeyl operator kernel ∆(ΩN ):
W̺(ΩN ) = tr [̺∆(ΩN )] . (3)
According to the formulation of Brif and Mann [14, 15]
the kernel ∆(ΩN ) should satisfy the following postulates:
(I) Reconstruction: State ̺ can be reconstructed from
the Wigner function (3) as
̺ =
∫
ΩN
dΩN ∆(ΩN )W̺(ΩN ) . (4)
(II) Hermicity: ∆(ΩN ) = ∆(ΩN )
†.
(III) Finite Norm: The state norm is given by the inte-
gral of the Wigner distribution
tr[̺] =
∫
ΩN
dΩNW̺(ΩN ),
∫
ΩN
dΩN ∆(ΩN ) = 1 .
(IV) Covariance: The unitary transformations ̺′ =
U(α)̺U †(α) induce the kernel change
∆(Ω′N ) = U(α)
†∆(ΩN )U(α).
Identifying the phase space ΩN with a generic flag man-
ifold (1), the measure in the reconstruction integral (4)
can be written formally as
dΩN = C
−1
N dµSU(N)/dµH ,
where CN is a real normalization constant, dµSU(N) and
dµH are the normalized Haar measures on the SU(N)
group and the isotropy group H respectively. Since the
integrand in (4) is a function of the coset variables only,
the reconstruction integral can be extended to the whole
group SU(N),
̺ = Z−1N
∫
SU(N)
dµSU(N)∆(ΩN )W̺(ΩN ) , (5)
by introducing the normalization constant Z−1N =
C−1N /vol(H) . Here, the factor vol(H) denotes the volume
of the isotropy group H , calculated with the measure in-
duced by a given embedding, H ⊂ SU(N).
B. Master equation for the Wigner function kernel
Based on the postulates (I)–(IV), one can derive the
matrix equation for the kernel ∆(ΩN ) and determine its
solution. With this aim let us note that relations (3) and
(5) imply the integral identity
̺ = Z−1N
∫
SU(N)
dµSU(N)∆(ΩN ) tr [̺∆(ΩN )] . (6)
To proceed further we use the singular value decomposi-
tion of the Hermitian kernel ∆(ΩN ):
∆(ΩN ) = U(ϑ)PU
†(ϑ), P = diag||π1, π2, . . . , πN || (7)
with the following descending order of the eigenvalues
π1 ≥ π2 ≥ · · · ≥ πN . (8)
The unitary matrix U(ϑ) in (7) is not unique and the
character of its arbitrariness follows from the degener-
acy of the spectrum σ(∆) , of the SW kernel, i.e., by
the isotropy group H ⊂ SU(N) of the diagonal matrix
P . Thus, we assume that the diagonalizing matrix U(ϑ)
belongs to a certain coset U(N)/H . It is convenient to
identify it with a complex flag manifold (1) and use the
coordinates ϑ1, ϑ2, . . . , ϑdF for its description .
Substituting ∆(ΩN ) in (6) with the decomposition (7),
we get the identity,
Z−1N
∫
SU(N)
dµSU(N)(UPU
†)ik(UPU †)js̺sj = ̺ik. (9)
Now, performing the integration in identity (9), we will
get an algebraic equation for the SW kernel. Indeed,
using the 4-th order Weingarten formula [16–18]:
∫
SU(N)
dµ
SU(N)
Ui1j1Ui2j2U
†
k1l1
U †k2l2 =
1
N2 − 1 (δi1l1δi2l2δj1k1δj2k2 + δi1l2δi2l1δj1k2δj2k1)
− 1
N(N2 − 1) (δi1l1δi2l2δj1k2δj2k1 + δi1l2δi2l1δj1k1δj2k2) ,
3on the left side of (9) we arrive at the equations for the
kernel:
(tr[P ])2 = ZNN , (10)
tr[P 2] = ZNN
2 , (11)
It is worth making a few comments on possible additional
requirements for the Stratonovich-Weyl kernel. Due to
the necessity of extending the usage of the SW kernel for
the construction of the quasiprobability functions asso-
ciated with an arbitrary operator acting on the Hilbert
space, usually the two conditions of standardisation and
traciality are used for the SW kernel. In our notations
for arbitrary N ×N matrices A and B these conditions
read as follows:
1. Standardisation:
Z−1N
∫
dµSU(N)W
(ν)
A (ΩN ) = tr[A] ,
2. Traciality:
Z−1N
∫
dµSU(N)W
(ν)
A (ΩN )W
(ν)
B (ΩN ) = tr[AB] . (12)
Here it is worth mentioning that in contrast to the gen-
eralized traciality requirement of Brif and Mann (cf.
Eq.(5d) in [14]), our traciality condition (12) holds for the
WFs with the same ν . It is a reflection of the fact that in
the present article we are discussing the non uniqueness
of the Wigner quasiprobability, i.e., functions whose SW
kernel is “self-dual”, meaning that in the reconstruction
formula (4) it is its own counterpart.
Again, applying the Weingarten formula for the evalua-
tion of the integral in (12), one can be convinced that the
traciality condition (12) is satisfied automatically. How-
ever, using the second order Weingarten formula:∫
SU(N)
dµSU(N) Ui1j1U
†
k1l1
=
1
N
δi1l1δj1k1 ,
one can verify that the standartisation is satisfied iff
tr[P ] = ZNN . (13)
Comparing (13) with (10) allows to determine the nor-
malization constant, ZN = 1/N . Thus, taking into ac-
count the U(N) invariance of (10) and (11), we finally
arrive at the “master equations” for the SW kernel:
tr [∆(ΩN )] = 1 , tr[∆(ΩN )
2] = N . (14)
Finalizing this section we briefly comment on the fam-
ily of Wigner functions constructed from solutions to
(14). First of all, from these algebraic equations it fol-
lows that the maximal number of continuous parameters
ν, characterizing the solution ∆(ΩN |ν), is N−2 . More-
over, using the orthonormal basis {λ1, λ2, . . . , λN2−1} for
the algebra su(N) the Stratonovich-Weyl kernel can be
written as
∆(ΩN |ν) = 1
N
U(ΩN )
[
I + κ
∑
λ∈H
µs(ν)λs
]
U(ΩN)
†,
(15)
where κ =
√
N(N2 − 1)/2 and H is the Cartan sub-
algebra in SU(N), and according to equation (14) the
coefficients µs(ν) live on the N − 2 dimensional sphere
SN−2(1) of radius one:
N∑
s=2
µ2s2−1(ν) = 1 . (16)
Therefore, a generic SW kernel, i.e., the kernel with the
minimal isotropy group (U(1))N can be parameterized
by N − 2 spherical angles. The parameter (ν), intro-
duced in order to label members of the family of Wigner
functions, can be associated with a point on SN−2(1) .
More precisely, the one-to-one correspondence between
points on this sphere and unitary non-equivalent SW ker-
nels occurs for a certain subspace of SN−2(1) only. This
subspace, P(ν) ⊂ SN−2(1) – the moduli space of the SW
kernel, is determined by taking into account the ordering
of the eigenvalues of ∆(ΩN |ν). The descending order
of eigenvalues (8) restricts the range of spherical angles
parameterizing (16) and cuts out the moduli space of
∆(ΩN |ν) in the form of a spherical polyhedron [24].
Summarizing, a family of the Wigner functions of an
N-dimensional quantum system in the mixed state
̺ξ =
1
N
(
I +
√
N (N − 1)
2
(ξ,λ)
)
,
with an N2−1-dimensional Bloch vector ξ is defined over
the moduli space P(ν) and can be represented as
W
(ν)
ξ (θ1, θ2, . . . , θd) =
1
N
[
1 +
N2 − 1√
N + 1
(n, ξ)
]
. (17)
Here, N2 − 1-dimensional vector n is given by the fol-
lowing linear combination of N − 1 orthonormal vectors
n(s
2−1) , s = 2, 3, . . . , N,
n = µ3n
(3) + µ8n
(8) + · · ·+ µN2−1n(N
2−1) .
These vectors are determined from the Cartan subalgebra
λs2−1 ∈ H :
n(s
2−1)
µ =
1
2
tr
(
Uλs2−1U
†λµ
)
, s = 2, 3, . . . , N .
As it was mentioned in the Introduction, the number of
independent variables ϑ in the Wigner function from (17)
is determined by the isotropy group of the SW kernel. We
leave the analysis of possible degenerate kernels of an
N− dimensional system for a future publication. Here
we only exemplify a pattern by considering the Wigner
functions of the lowest dimensional systems, N = 2 and
N = 3, a single qubit and a single qutrit.
4III. TWO EXAMPLES
A. The Wigner function of a single qubit
A generic qubit quantum state is parameterized by the
Bloch vector r = (r sinψ cosφ, r sinφ sinφ, r cosψ) in a
standard way
̺ =
1
2
(I + r · σ) .
The equations (14) determine the spectrum of qubits’s
WF kernel uniquely:
spec
(
P (2)
)
=
{
1 +
√
3
2
,
1−√3
2
}
Taking into account the standard parametrization for
matrix X ∈ SU(2)/U(1)
X = exp
(
i
α
2
σ3
)
exp
(
i
β
2
σ2
)
exp
(
−i α
2
σ3
)
,
one can compute the Wigner function for a single qubit
Wr(α, β) =
1
2
+
√
3
2
(r,n) ,
where n is the unit 3-vector
n = (− cosα sinβ, sinα sinβ, cosβ)
B. The Wigner function of a single qutrit
For a 3-level system, the qutrit, the equations (14) de-
termine a one-parametric family of kernels P (3)(ν). The
solutions to the equations (14) are divided into classes,
the generic and degenerate ones.
1. The spectrum of generic kernels reads
spec
(
P (3)(ν)
)
=
{
1− ν + δ
2
,
1− ν − δ
2
, ν
}
with δ =
√
(1 + ν)(5 − 3ν) and ν ∈ (−1,− 13 ) .
2. Two degenerate kernels, corresponding to the end
points ν = −1 and ν = −1/3, have a degenerate
spectrum of the following types:
spec
(
P (3)(−1)) = { 1 , 1 , −1 }
spec
(
P (3)
(
−1
3
))
=
{
5
3
, −1
3
,−1
3
} (18)
Note that the SW kernel P (3)(− 13 ) in (18) defines the
Wigner function of a qutrit, derived by Luis [19].
Expanding the Stratonovich-Weyl kernel (18) over
the standard Gell-Mann basis of the su(3) algebra
{λ1, λ2, . . . , λ8} (see Eq. A.1) with λ8 and λ3 from its
Cartan subalgebra:
∆(Ω3) = U(Ω3)
1
3
[I + 2
√
3 (µ3λ3 + µ8λ8)]U(Ω3)
†. (19)
one can easily find the coefficients µ3 and µ8 as functions
of the parameter ν:
µ3(ν) =
√
3
4
√
(1 + ν)(5 − 3ν) , µ8(ν) = 1
4
(1−3ν). (20)
According to the general statement given in the previous
section, the moduli space of a qutrit is an arc of the unit
circle. The corresponding polar angle ζ changes in the
interval ζ ∈ [0, π/3] and is connected to the parameter
ν:
ν =
1
3
− 4
3
cos(ζ) .
The angle ζ serves as the moduli parameter of the unitary
nonequivalent Wigner functions of a qutrit and is related
to the 3-rd order SU(3)-invariant polynomial of the SW
kernel:
det
(
1
3
I −∆(Ω3 | ν)
)
=
16
27
cos(3ζ) ,
which remains “unaffected” by the master equation (14).
Now we pass to the derivation of an explicit form of
the Wigner function for a qutrit. With this aim the di-
agonalizing matrix U(Ω3) ∈ SU(3) in (15) can be pre-
sented in the form of a generalized Euler decomposition
(see e.g., [20–22], and references therein) with coordi-
nates Ω3 = {α, β, γ, a, b, c, θ, φ} ,
U(Ω3) = V (α, β, γ) exp (iθλ5) V (a, b, c) exp (iφλ8) (21)
where the left and right factors V denote two copies of
the SU(2) group embedded in SU(3)
V (a, b, c) = exp
(
i
a
2
λ3
)
exp
(
i
b
2
λ2
)
exp
(
i
c
2
λ3
)
.
The angles in decomposition (21) take values from the
intervals
α, a ∈ [0, 2π]; β, b ∈ [0, π]; γ, c ∈ [0, 4π];
θ ∈ [0, π/2]; φ ∈ [0,
√
3π] .
These ranges allow to parameterize almost all group
elements (except the set of points on the group mani-
fold whose measure is zero) and lead to the correct value
of the invariant volume of SU(3) group, vol(SU(3)) =∫
SU(3)
dµSU(3) =
√
3π5 .
A generic qutrit state is given by the density matrix
̺ =
1
3
[
I +
√
3
8∑
ν=1
ξνλν
]
, (22)
5with the 8-dimensional Bloch vector ξ obeying the fol-
lowing constraints:
0 ≤
8∑
ν=1
ξνξν ≤ 1 ,
0 ≤
8∑
ν=1
ξνξν − 2√
3
8∑
µ,ν,κ=1
ξµξνξκdµνκ ≤ 1
3
,
where dµνκ denotes the “symmetric structure constants”
of the su(3) algebra. Taking into account (22) and using
(19) and (21) in (3) we arrive at the following represen-
tations for the Wigner function of a single qutrit:
W
(ν)
ξ (Ω3) =
1
3
+
4
3
[
µ3 (n
(3), ξ) + µ8 (n
(8), ξ)
]
, (23)
with two orthogonal unit 8-vectors n(3) and n(8),
n(3)ν =
1
2
tr
[
Uλ3U
†λν
]
, n(8)ν =
1
2
tr
[
Uλ8U
†λν
]
.
The explicit expressions for the components of these vec-
tors in the Euler parametrization (21) are listed in the
Appendix ( se Eq. A.5 and A.6 respectively).
It is worth making a few comments on the WF depen-
dence on the symplectic coordinates. Since the regular
and degenerate kernels have different isotropy groups, the
corresponding diagonalizing matrices U(Ω3) in (19) be-
long to different cosets.
(i). For the regular kernels H = U(1)× U(1) .
(ii). The degenerate kernel with ν = −1 is characterized
by two equal eigenvalues of ∆(Ω3 | −1) in the upper
corner which means that H = SU(2) × U(1) and
therefore the Wigner function depends only on four
angles:
W
(−1)
ξ (α, β, γ, θ) =
1
3
+
4
3
(n(8), ξ),
(iii). For the degenerate kernel with ν = −1/3 the coeffi-
cients (20) take the values µ3 →
√
3/2 , µ8 → 1/2
and the Wigner function takes the form
W
(−1/3)
ξ (α, β,γ, θ, a, b) = (24)
1
3
+
2√
3
(
n(3) +
1√
3
n(8), ξ
)
.
Despite the fact that kernel P (3)(−1/3) in (18) has the
isotropy group H = U(1) × SU(2), the Wigner func-
tion in (24) shows dependence on six angles. This in-
dicates that the choice of Euler parametrization (21) is
not adapted to the isotropy group structure. To find a
minimal set of four functionally independent coordinates
{α′, β′, γ′, θ′} on the coset SU(3)/U(1)×SU(2) it is nec-
essary to consider another embedding of su(2) ⊂ su(3) .
Namely, using the Gell-Mann basis, we fix the subalge-
bra su(2) = span{λ6, λ7,− 12λ3+
√
3
2 λ8} .With this choice
the Euler decomposition for the SU(3) group looks like
(21), but with the difference that both U(2) subgroups
are embedded in the “lower corner”:
V (a′, b′, c′) = exp
(
−i
a′
2
(
1
2
λ3 −
√
3
2
λ8
))
exp
(
i
b′
2
λ7
)
exp
(
−i
c′
2
(
1
2
λ3 −
√
3
2
λ8)
))
.
As a result, the angles a′, b′, c′ and φ′ turn out to be
redundant. The Wigner function in the newly adapted
parametrization depends only on the four remaining an-
gles through the 8-dimensional vector n′:
W
(−1/3)
ξ (α
′, β′, γ′, θ′) =
1
3
+
4
3
(n′, ξ) .
The explicit dependence of the vector n′ on the angles
{α′, β′, γ′, θ′} is given by Eq. A.7. As it was expected,
the vector n′ can be obtained from n(8) by rotation
n′ = On(8) .
with the constant orthogonal 8×8 matrixO , which is the
adjoint matrix AdT corresponding to the permutation T
of the first and third eigenstates of the SW kernel. Its
explicit form can be found in Eq. A.3.
IV. CONCLUDING REMARKS
In the present article we argue the existence of the uni-
tary non-equivalent representations for the Stratonovich-
Weyl kernels corresponding to the Wigner functions of
arbitrary N - dimensional quantum system. The admis-
sible Wigner functions can be classified by the values of
SU(n)-invariant polynomials in the elements of the SW
kernel. As it was shown, the “master equation” (14)
fixes the values only of the lowest degree polynomial in-
variants, the first and second ones, while values of the
remaining N−2 algebraically independent invariants dis-
tinguish members of the family of SW kernels.
In conclusion, it is necessary to mention that the
present consideration of the quasiprobability functions
makes no difference between elementary and composite
systems. In forthcoming publications we will discuss in
detail the Wigner functions for composite quantum sys-
6tems, paying special attention to the manifestations of
“quantumness”, particularly the entanglement [23], in
properties of quasidistributions.
Appendix
1. The Gell-Mann basis of su(3)
The Gell-Mann basis {λ1, λ2, . . . , λ8} of the Lie algebra
su(3) reads:
λ1 =

 0 1 01 0 0
0 0 0

 , λ2 =

 0 −i 0i 0 0
0 0 0

 ,
λ3 =

 1 0 00 −1 0
0 0 0

 , λ4 =

 0 0 10 0 0
1 0 0

 ,
λ5 =

 0 0 −i0 0 0
i 0 0

 , λ6 =

 0 0 00 0 1
0 1 0

 ,
λ7 =

 0 0 00 0 −i
0 i 0

 , λ8 = 1√
3

 1 0 00 1 0
0 0 −2

 .
(A.1)
2. The adjoint action of the permutation matrix T
Consider the matrix which permutes the first and third
diagonal elements of the 3× 3 identity matrix:
T =

 0 0 10 1 0
1 0 0

 , (A.2)
The adjoint matrix AdT corresponding to the permuta-
tion (A.2), TλµT = (AdT )µν λν , is
AdT =


0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 1/2 0 0 0 0 −√3/2
0 0 0 1 0 0 0 0
0 0 0 0 −1 0 0 0
1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −√3/2 0 0 0 0 −1/2


.
(A.3)
3. The adjoint vectors of SU(3)
Using the Euler decomposition (21) we determine the
adjoint matrix AdU of SU(3) transformations U :
UλiU
† = (AdU )ij λj , AdU ∈ SO(8) . (A.4)
Below, only expressions for vectors n
(3)
i = (AdU )3i and
n
(8)
i = (AdU )8i, specifying the Wigner function of a single
qutrit (23), will be presented. Components of the vector
n(8) read:
n
(3)
1 =
(
sin(α) sin(a+ γ)− cos(α) cos(β) cos(a+ γ)
)
sin(b) cos(θ) + cos(α) sin(β) cos(b)
(
1− 12 sin2(θ)
)
,
n
(3)
2 =
(
cos(α) sin(a+ γ) + sin(α) cos(β) cos(a+ γ)
)
sin(b) cos(θ) + sin(α) sin(β) cos(b)
(
1− 12 sin2(θ)
)
,
n
(3)
3 = − cos(a+ γ) sin(β) sin(b) cos(θ) + cos(β) cos(b)
(
1− 12 sin2(θ)
)
,
n
(3)
4 = cos
(
α−γ
2 − a
)
sin
(
β
2
)
sin(b) sin(θ)− 12 cos
(
α+γ
2
)
cos
(
β
2
)
cos(b) sin(2θ),
n
(3)
5 = sin
(
α−γ
2 − a
)
sin
(
β
2
)
sin(b) sin(θ) + 12 sin
(
α+γ
2
)
cos
(
β
2
)
cos(b) sin(2θ),
n
(3)
6 = cos
(
α+γ
2 + a
)
cos
(
β
2
)
sin(b) sin(θ) + 12 cos
(
α−γ
2
)
sin
(
β
2
)
cos(b) sin(2θ),
n
(3)
7 = sin
(
α+γ
2 + a
)
cos
(
β
2
)
sin(b) sin(θ) + 12 sin
(
α−γ
2
)
sin
(
β
2
)
cos(b) sin(2θ),
n
(3)
8 = −
√
3
2 cos(b) sin
2(θ).
(A.5)
7The 8-vector n(8) depends only on four angles {α, β, γ, θ} and its components are
n
(8)
1 = +
√
3
2 cos(α) sin(β) sin
2(θ),
n
(8)
2 = −
√
3
2 sin(α) sin(β) sin
2(θ),
n
(8)
3 = −
√
3
2 cos(β) sin
2(θ),
n
(8)
4 = −
√
3
2 cos
(
α+γ
2
)
cos
(
β
2
)
sin(2θ),
n
(8)
5 = +
√
3
2 sin
(
α+γ
2
)
cos
(
β
2
)
sin(2θ),
n
(8)
6 = +
√
3
2 cos
(
α−γ
2
)
sin
(
β
2
)
sin(2θ),
n
(8)
7 = +
√
3
2 sin
(
α−γ
2
)
sin
(
β
2
)
sin(2θ),
n
(8)
8 = 1− 32 sin2(θ).
(A.6)
The 8-dimensional vector n′ in formula (25) reads
n′1 = −
√
3
2 cos
(
α′−γ′
2
)
sin
(
β′
2
)
sin(2θ′) ,
n′2 = −
√
3
2 sin
(
α′−γ′
3
)
sin
(
β′
2
)
sin(2θ′) ,
n′3 =
√
3
2
[
cos2(θ′)− sin2
(
β′
2
)
sin2(θ′)
]
,
n′4 = −
√
3
2 cos
(
α′+γ′
2
)
cos
(
β′
2
)
sin(2θ′) ,
n′5 =
√
3
2 sin
(
α′+γ′
2
)
cos
(
β′
2
)
sin(2θ′) ,
n′6 =
√
3
2 cos(α
′) sin(β′) sin2(θ′) ,
n′7 = −
√
3
2 sin(α
′) sin(β′) sin2(θ′) ,
n′8 =
1
2
[
1− 3 cos2
(
β′
2
)
sin2(θ′)
]
.
(A.7)
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